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On the Dynamis of Generalized Coherent States.
II. Classial Equations of Motions
B.A. Nikolov, D.A. Trifonov
Abstrat. Using the Klauder approah the stable evolution of generalized oherent
states (GCS) for some groups (SU(2), SU(1, 1) and SU(N)) is onsidered and it
is shown that one and the same lassial solution z(t) an orretly haraterize the
quantum evolution of many different (in general nonequivalent) systems. As examples
some onrete systems are treated in greater detail: it is obtained that the nonstation-
ary systems of the singular osillator, of the partile motion in a magneti field, and
of the osillator with frition all have stable SU(1, 1) GCS whose quantum evolution
is determined by one and the same lassial funtion z(t). The physial properties of
the onstruted SU(1, 1) GCS are disussed and it is shown partiularly that in the
ase of disrete series D
(+)
k
they are those states for whih the quantum mean values
oinide with the statistial ones for an osillator in a thermostat.
1 Introdution
In the previous paper [1℄ (to whih we shall refer as Ref. I) the exat and stable time
evolution of generalized oherent states (GCS) was disussed and a method for onstruting
GCS related to any Lie group and any quantum system was desribed. The aim of the
present paper is to study the dynamis of GCS on the example of some onrete groups.
The exat and stable evolution of SU(1, 1) GCS is obtained for nonstationary osillator,
for a motion of a partile in time-dependent magneti field, and for a singular osillator
with time-dependent frition. The physial properties of the onstruted GCS are disussed
and in partiular it is shown that the GCS related to disrete series of unitary irreduible
representations (UIR) of SU(1, 1) are exatly those quantum states for whih the quantum
mean values of observables are equal to statistial averages. Using the Klauder approah
we obtain the lassial Euler equations (|Φ〉 being the GCS I.(25)1, zj - loal oordinates
for X = G/K)
d
dt
∂L
∂z˙j
− ∂L
∂zj
= 0, (1)
L = i〈Φz|d/dt|Φz〉 − 〈Φz|H|Φz|〉
1
I.(25) = Eq. (25) of Ref. I. (Note added in the e-print quant-ph/0407261).
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as independent of the type of representation. This means that one and the same lassial
solution of Euler equations orretly determines the quantum evolution of many different
initial states (distinguished by different values of some onserved quantities) and different
Hamiltonians.
2 Glauber Coherent States
These states are related to the projetive unitary representation of the phase spae transla-
tion group. The representation operators form the so-alled Heisenberg-Weyl group, whih
is generated by lowering and raising operators a, a† and identity operator Iˆ , [a, a†] = Iˆ.
The overomplete family of states (OFS) is given by (see I.(3), I.(4)):
|(β, z, z∗)〉 = exp(iβI + za† − z∗a)|Φ0〉, z ∈ C. (2)
The stationary group K (I, Se. 2) is trivially generated by Iˆ. The quotient spae
GW /K (GW - Heisenberg-Weyl group) is isomorphi to the omplex plane C. Choosing
the ross-setion s : (z, z∗) → (0, z, z∗) and |Φ0〉 = |0〉 (a|0〉 = 0) we obtain the system
of Glauber CS (I, Refs. 1,2). Another hoie, say s′ : (z, z∗) → (β(z, z∗), z, z∗) permits
to make manifest the stability of the system of CS (I, Ref. 1). The sympleti 2-form,
determined by the Kahler potential f = z∗z is ω = idz ∧ dz∗ and therefore the equation
of motion is (∂∗z = ∂/∂z
∗
i )
iz˙ = ∂∗zH . (3)
(the omplex onjugate equations will not be written down). The same equation an be
derived making use of the Lagrangian L = (i/2)(z˙z∗ − z˙∗z) − H, aording to Klauder
method (I, Se. 3).
For the most general Hamiltonian I.(19) whih preserves the OFS (2) stable, Eq. (3)
assumes the form
iz˙ = ω(t)z + F (t). (4)
The solution of this equation an be expliitly written:
z(t) =
(
z − i
∫
F (t)dt
)
exp
(
−i
∫
ω(t)dt
)
, z = z(0).
We see that the phase spae trajetory of the onsidered system is a superposition of a
translation and a rotation. This result simply reflets the fat that the Hamiltonian I.(19)
belongs to the (projetive) representation of Lie algebra e(2) of Eulidean group E(2).
3 SU(2) Coherent States
The generators of the group SU(2) are Ji, [Ji, Jj ] = iǫijkJk, and the Casimir operator is
equal to J2 = J21 + J
2
2 + J
2
3 = j(j + 1), j = 1/2, 1, 3/2, . . . . The three parameters usually
used are the Euler angles (φ, θ, ψ). As in Ref. 12 of [1℄ we hoose |Φ0〉 = |j,−j〉, where
|j,m〉 are the eigenvetors of J3: J3|j,m〉 = m|j,m〉, m = −j,−j + 1, . . . , j, and suh a
ross-setion in the fibre bundle (G,G/K, π) (K being the stationary subgroup of |j,−j〉)
that
|Φ(φ, θ)〉 = |j; z〉 = (1 + z∗z)−j exp(zJ+)|j,−j〉, (5)
2
where z = − tan θ/2 e−iφ, J+ = J1 + iJ2.
The Hamiltonian
H = hiJi = hJ+ + h
∗J− + h0J0,
h = h1 + ih2, h0 = h3, J− = (J+)
†,
(6)
aording to Malkin theorem (I, Se. 3) should preserves all SU(2) GCS (5) stable. The
lassial solution z(t) obeys the Euler eqs. for the funtional I.(25), whih in this ase have
the form
iz˙ = (2j)−1(1 + z∗z)2∂H/∂z∗. (7)
The same equation is obtained in [2℄, where it arises as equation of the path with the main
ontribution in the path integral, whih expresses the transition amplitude from a GCS
(5) to another one.
By means of the easily verified formulae (〈.〉jz ≡ 〈z; j|(.)|j; z〉)
〈J+〉jz = 2jz
∗
1 + z∗z
, 〈J−〉jz = 2jz
1 + z∗z
, 〈J0〉jz = −1− z
∗z
1 + z∗z
we an get the lassial Hamiltonian
H = j(1 + z∗z)−1 (2(hz + h∗z∗)− h0(1− z∗z)). (8)
From (7) and (8) we obtain the Euler equation
iz˙ = h∗ + h0z − hz2. (9)
Now it is worth notiing the important property of Eq. (9), namely it does not depends
on the representation (j) of SU(2). One and the same lassial funtion z(t) entirely
determines the quantum evolution of all systems of GCS ((j), |j;−j〉) governed by the
Hamiltonian (8). Taking different representations for the angular momentum Ji we get
different (and non-equivalent) quantum systems whose dynamis is exatly determined by
the same lassial trajetory in phase spae X = G/K.
As we have stated in the previous paper I, any OFS, in partiular the system of GCS
(5), an be realized in the Hilbert spae H of solutions by means of Eq. I.(15) provided
the generators La are expressed in terms of a, a
†
. The most natural representation in H
for the angular momentum Ji, J
2 = j(j + 1), is that of 2j+1 numbers of operators ai, a
†
i
(I, Ref. 22), i = 1, 2, . . . , 2j + 1,
Jk = a
†
i (Jˆk)ilal, (10)
where Jˆk are (2j + 1)-dimensional matries. Formula (10) generalizes the Shwinger rep-
resentation (j = 1/2) [3℄ to the ase of arbitrary j. In [4℄ another angular momen-
tum boson representation is onstruted for arbitrary j in terms of 2s + 1 pairs ai, a
†
i ,
i = −s,−s + 1, . . . , s, s = 1/2, 3/2, . . .. The natural representation (10) is irreduible in
Fok spae, spanned by the vetors
|n〉 =
2j+1∑
i=1
(ni!)
−1/2(a†i )
ni |0〉 (11)
with a fixed number n =
∑
i ni = 2j.
3
The one-dimensional systems are in some sense exeptional but it is still possible to
express any UIR of SU(2) in terms of one pair a, a† (I, Ref. 24) in the Fok spae of vetors
|m〉 = (m!)−1/2(a†)m|0〉, m = 0, 1, . . . , 2j (|0〉 = |j;−j〉, |m〉 = |j,−j +m〉) and 2
V (j)|m〉 = (m!)−1/2(1 + z∗z)−j(1 + za†)2j−m(a† − z)m|0〉.
Putting Jk from Eq. (10) into (6) we obtain Hamiltonians for different quadrati quan-
tum systems, all having the property their dynamis determined by one lassial fun-
tion z(t) = − tan θ(t)/2 exp(−iφ(t)), θ and φ being the Euler angles for the SU(2) ro-
tations. The N -dimensional osillator is one of the simplest suh systems. In this ase
z(t) = z(0) exp(iωt).
Let us note that the SU(2) CS onstruted from Shwinger operators J− = a
†b, J+ =
b†a, J0 = (1/2)(a
†a− b†b, namely
|N ; z〉 = (1 + z∗z)−N/2
N∑
n=0
zn|N ;n〉, (12)
|N ;n〉 = (n!(N − n)!)−1/2(a†)n(b†)N−n|0; 0〉,
a|0; 0〉 = b|0; 0〉 = 0, N = 0, 1, 2, . . .
represent an OFS only in the (N + 1)-dimensional subspae of Hilbert spae H×H .
It is possible however, using GCS (12), to onstrut wave pakets, whih form OFS in
the whole spae H×H . Indeed, the simple alulation provides the relation (α ∈ C)
∞∑
N=1
(N !)−1/2αN |N ; z〉 = exp
(
α(za† + b†)(1 + z∗z)−1/2
)
|0; 0〉. (13)
Introduing the new lowering and raising operators
Az = (1 + z
∗z)−1/2(z∗a+ b),
A†z = (1 + z
∗z)−1/2(za† + b†)
(14)
we see that the wave pakets (13) are (apart from a normalization onstant) just the
Glauber CS for Az, A
†
z.
From the other hand the states (13) obviously are tensor produts of the type |λ〉|µ〉,
where λ = αz(1+ z∗z)−1/2, µ = α(1+ z∗z)−1/2 (|λ〉, |µ〉 being one mode Glauber CS), and
onsequently they form an OFS in H×H . These wave pakets have been alled "osillator
like CS for rotation group"[5℄.
From the known result for the Heisenberg-Weyl group GW we obtain that the most
general Hamiltonian whih preserves the OFS (13) stable has the form H = ωA†zAz +
f∗Az + fA
†
z + β, i.e. the stable OFS (13) admits wider lass of Hamiltonians than the set
(12). The Euler equations for suh systems in terms of parameters λ, µ have the form (4).
The physial properties of SU(2) CS will not be disussed here sine they have been
thoroughly examined (see I, Refs. 4,10,12).
2
The states (m!)−1/2(1+z∗z)−j(1+za†)2j−m(a†−z)m|0〉 ≡ |z; 2j,m〉 are not normalized. (Note added).
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4 SU(1,1) Coherent States
The UIR of SU ∗1, 1) are generated by the operators Ki (i = 1, 2, 3) with the ommutation
relations
[K1,K2] = −iK3, [K2,K3] = iK1. [K3,K1] = iK2, (15)
and the Casimir operator is K2 = K23 −K21 −K22 = k(k− 1), k > 0. (We restrit ourselves
with the disrete series V
(+)
k .) All UIR have been desribed by Bargmann [6℄.
As in the previous setion let us study first the stable evolution of SU(1, 1) CS for the
Hamiltonian
H = h0K3 + h1K1 + h2K2 = h0K0 + h
∗K− + hK+ (16)
by making use of Klauder approah. The anonial basis in Hilbert spae H is |k;m〉,
m = 0, 1, 2, . . ., K0|k;m〉 = (k +m)|k;m〉. As in I, Ref. 12, we hoose the lowest weight
vetor |k; 0〉 as a fiduial one. Its stationary group is the subgroup of rotations around the
third axis. The system of GCS is written in the form
|k; z〉 = (1− z∗z)k exp(zK+)|k; 0〉, (17)
where z = − tanh τ/2 exp(−iφ), τ and φ being the Euler angles for SU(1, 1). Using the
formulae
〈K+〉kz = 2kz
∗
1− z∗z , 〈K−〉kz =
2kz
1− z∗z , 〈K0〉kz = k
1 + z∗z
1− z∗z
we obtain the Euler equations for the funtional I.(25)
iz˙ = (2k)−1(1− z∗z)2 ∂H/∂z∗, (18)
where for the ase of linear Hamiltonian (16)
H = k (h0(1 + z∗z) + 2hz∗ + 2h∗z) (1− z∗z)−1, (19)
and therefore Eq. (18) assumes the form
iz˙ = h∗z2 + h0z + h, (20)
quite similar to the analogial one (9) for the SU(2) group, and again independent of the
representation V
(+)
k .
The phase spae orresponding to the UIR V
(k)
k is the Lobahevsky plane represented
by dis D : |z| < 1 with the Kahler potential (see I.(28)) f = ln(1 − z∗z)−2k. Hene the
sympleti form is
ω = 2ik(1 − z∗z)−2dz ∧ dz∗,
and g = (1− z∗z)2/2ik (see I.(28)). Thus we again arrive to Eq. (18) by means of the Lie
braket I.(29).
Next we shall onstrut the SU(1, 1) CS for some onrete quantum systems and in-
vestigate some of their properties.
5
4.1 Nonstationary Quantum Osillator with Frition
The Hamiltonian of this system is
H =
1
2
(
p2 + ω(t)2q2
)
+
1
2
b(t)(qp + pq), [q, p] = i. (21)
Using the following representation of the Lie algebra su(1, 1) [7℄
K1 =
1
4
(p2 − q2), K2 = 1
4
(pq + qp), K3 =
1
4
(p2 + q2) (22)
we an write down (21) as a linear ombination of generators (22),
H = (1− ω2)K1 + 2bK2 + (1 + ω2)K3 = h0K0 + hK+ + h∗K−, (23)
where h = (1− ω2)/2 − ib, h0 = 1 + ω2, K± = K1 ± iK2, K0 = K3.
Let us find the SU(1, 1) CS for UIR, generated by the operators (22). The Casimir
operator is K2 = −3/16, hene there are two UIR belonging to disrete series V (+)k :
k = 1/4 and k = 3/4. The basis for k = 1/4 (k = 3/4) is formed by the even (odd) states
of Fok spae, orresponding to the eigenvalue +1 (−1) of parity operator (that is why
we shall denote k = + (k = −)). The Fok spae is generated by the reation operator
a† = (p + iq)/
√
2, then |+;m〉 = |2m〉, |−;m〉 = |2m + 1〉, where |n〉 = an|0〉/√n!. The
orresponding SU(1, 1) CS are
|+; z〉 = (1− z∗z)1/4 exp
(
z(a†)2/2
)
|0〉,
|−; z〉 = (1− z∗z)3/4 exp
(
z(a†)2/2
)
|1〉
(24)
or, in oordinate representation (N± - normalization onstants, depending on z),
〈x|±; z〉 = N± x(1∓1)/2e−ax2 , a = 1
2
1 + z
1− z . (25)
The related probability densities
w±(x) = π
−1/2(2x2)(1∓1)/2λ1∓1/2e−λx
2
,
λ = (1− z∗z)|1− z|−2
(26)
desribe distributions of Gaussian type having maximums at the points x±, x
2
± = (1∓1)/2λ
and width (distane between the extreme inflex points) also proportional to λ−1/2. Note
to the point that the width of the Gaussian distributions, orresponding to Glauber CS |z〉
, does not depend on the label z.
The omputation of the mean values of operators q2 and p2 yields
〈q2〉kz = 2k(1 − z∗z)−1|1− z|2 = 2kλ,
〈p2〉kz = 2k(1 − z∗z)−1|1 + z|2.
(27)
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Multiplying these quantities one obtains the Heisenberg unertainty produt (sine 〈q〉kz =
0, 〈p〉kz = 0):
(∆q)2kz(∆p)
2
kz = 〈q2〉kz〈p2〉kz = 4k2
1 + r4 − 2r2 cos(2θ)
1− r2 ≥ 4k
2, (28)
where r = |z|, θ = arg z. The equality holds iff z is real nonnegative number: z = r ≥ 0.
Hene the only minimum unertainty states (MUS) from the onsidered GCS system are
|+; r〉 = (1 − r2)1/4 exp
(
ra†
2
/2
)
|0〉, r > 0. They are unitarily equivalent to the Glauber
CS in aordane with the result obtained by Stoler [8℄.
Turning to the time evolution and observing that the Hamiltonian (21) obeys the
Malkin theorem onditions (I, Se. 3) we onlude that the OFS (24) are stable and in
every moment t the SU(1, 1) CS are determined by the same formulae (24), where z = z(t)
is a solution of the Euler equations (20).
On the other hand one an obtain the exat solution making use of the integrals of
motion method (I, Ref. 11). Comparing the two solutions it is easy to express z(t) as a
frational linear transformation:
z(t) =
a(t)z + c(t)
c∗(t)z + a∗(t)
, a = (ρ2 + 1) eiγ , c = (ρ2 − 1) e−iγ , (29)
where ǫ = ρ eiγ is a solution of the following lassial equation:
ǫ¨+Ω2 ǫ, Ω2 = ω2 − b2 − b˙, ρ2γ˙ = 1. (30)
Eq. (29) expliitly shows that the time evolution is represented as a SU(1, 1) transformation
in the phase spae D: |z| ≤ 1.
4.2 Generalized Singular Osillator
The Hamiltonian of this system ontains a singular term whih may serve as a model
potential desribing interation between partiles (see I, Refs. 9, 11):
H =
1
2
(
p2 + ω(t)2q2
)
+
1
2
b(t)(qp+ pq) + g/q2. (31)
We suppose that 0 < q < ∞ sine the singular potential prohibits transition from (∞, 0)
to (−∞, 0). Further we restrit ourselves with suffiiently large values of the interation
onstant g (g > −1/8) beause otherwise a ollapse would be possible (I, Ref. 11).
We shall use the method of integrals of motion. The latter are determined in the form
[9℄:
M− =
1
2
(
a2 + gǫ2(t)q−2
)
, M+ = (M−)
†, M0 =
1
2
[M−,M+],,
a =
i√
2
(ǫp+ (ǫb− ǫ˙)q), [q, p] = i,
(32)
where ǫ is a solution of Eq. (30). The operators (32) form a representation of the Lie
algebra su(1, 1), [M0,M±] = ±M±, and ommute with the Shrodinger operator DS =
i∂/∂t−H. Thus we have a realization of the dynamial Lie algebra [7℄ of the system under
7
onsideration. The UIR of the group SU(1, 1), onstruted by means of (32) are labeled by
the number k = (d+ 1)/2 where d = (1/2)(1 + 8g)1/2 > 0, i.e. the operators (32) generate
UIR from the disrete series V
(+)
k . Making use of the eigenvetors of M0 [9℄
〈x|k;n〉 =
(
2ǫ−2d−2 Γ(n+ 1)/G(n + d+ 1)
)1/2
xd+1/2 ×
exp
(
−2inγ + (i/2)(ǫ˙/ǫ− b)x2
)
Ldn(γ˙x
2), γ = arg ǫ (33)
we onstrut the SU(1, 1) CS for our system 3:
〈x|k; z, t〉 = (2/Γ(d + 1))1/2 ǫ−2d−2 (1− z∗z)(d+1)/2 xd+1/2 ×
(1− s)−d−1 exp
(
− 1
2ρ2
1 + s
1− sx
2
)
, (34)
where s = z exp(−2iγ), |z| < 1, k = (d+ 1)/2 (a phase fator was omitted 4).
In the initial moment t = 0 Eq. (34) onverse to the form (up to normalization onstant)
〈x|k; z, 0〉 = (1− z∗z)(d+1)/2 xd+1/2(1− z)−d−1 exp
(
−1
2
1 + z
1− z x
2
)
, (35)
where we have put γ˙(0) = 1, γ(0) = 0. The similarity with Eq. (25) is obvious. In fat
formula (35) inludes (25) as a speial ase if we put there d = 2k − 1, k = 1/4, 3/4.
Moreover the wave funtion (34) an be written in the form (35) with z replaed by
z(t) =
az + c
c∗z + a∗
, a = (1 + ρ2)e−iγ , ca = (1− ρ2)eiγ . (36)
The latter expression essentially oinides with (29), i.e., the addition of the singular term
g/q2 in the Hamiltonian does not exert influene upon the time evolution in phase spae
D.
The dynamial symmetry group of the quantum osillator (21) is obviously more large
than SU(1, 1) (it must inlude transformations mixing states with different parity). The
addition of the singular term to (21) redues the symmetry to SU(1, 1), i.e., this group
is a dynamial symmetry group of the singular osillator. The trajetory in phase spae
however remains unhanged. Thus the motion in phase spae D is not obliged to reflet the
dynamis of orresponding lassial system. Indeed, the quantum mean value of oordinate
operator q2 = 2M0ǫ
∗ǫ− ǫ2M+ − ǫ∗2M−,
〈q2〉kz = 2k
1− z∗z
(
ǫ∗ǫ (1 + z∗z)− z∗ǫ2 − zǫ∗2
)
,
varies in stationary ase (ǫ = Ω−1/2 exp(iΩt), Ω = const) like the elongation of the usual
harmoni osillator. One an onlude also that the SU(1, 1) CS (34), (35) are not lose
to the lassial states.
3Ldn(x) are generalized Laguerre polynomials, and Γ(x) is Gamma-funtion. For a generalization and
further properties of these states see e.g. quant-ph/9811081. (Note added).
4
The omitted z-independent phase fator is exp(−ix2(b− ρ˙/2ρ)). (Note added).
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4.3 Motion of a Partile in a Time-Dependent Magneti Field
Let us onsider a partile with unit mass and unit harge (m = 1 = e) moving in a time
dependent magneti field H(t) = 2ω(t). The Hamiltonian of this system is
H =
1
2
(
p2x + p
2
y
)
+
1
2
ω2(x2 + y2) + ω(ypx − xpy). (37)
Exat solution solutions of this problem were obtained in I, Ref. 5. Two independent
integrals of motion an be onstruted:
A =
1
2
(ǫ (px + ipy)− iǫ˙ (y − ix)) eiφ,
B =
1
2
(ǫ (py + ipx)− iǫ˙ (x− iy)) e−iφ,
(38)
where φ = (1/2)
∫
dtω(t) and ǫ is the solution of Eq. (30) with Ω = ω/2. The operators
A, B obey the relations [A,A†] = [B,B†] = 1, [A,B] = [A,B†] = 0, and their eigenvalues
determine the running oordinates of the wave-paket enter and the oordinates of the
orbital enter in (x, y)-plane respetively. The orresponding eigenvetors are the Glauber
CS for this system (I, Ref. 11).
From the operators A, B we build the following representation of Lie algebra su(1, 1)
(I, Refs. 7, 29):
K+ = A
†B†, K− = AB, K0 = (1/2)(A
†A+B†B + 1). (39)
The Casimir operator K2 an be expressed by the third projetion of the angular
momentum L3 = B
†B −A†A: K2 = (L23 − 1)/4. Denoting the eigenvetors of Hermitian5
operators A†A, B†B by |n,m; t〉 we obtain that the UIR of the group SU(1, 1), generated
by operators A, B is V
(+)
k , k = (N + 1)/2, N = m − n, and it is spanned by the vetors
|k;n〉 = |n,N + n; t〉, n = 0, 1, 2, . . ..
Now it is not diffiult to write down the SU(1, 1) CS using the expliit form of vetors
|n,m; t〉, given in Ref. 11 of I (up to a phase fator):
〈w|n,N + n; t〉 =
(
n!
π (n+N)!
)1/2 (
−ie−2iγ
)n ×
ρ−N−1rN exp
(
−r2/2ρ2
)
LNn
(
r2/ρ2
)
, (40)
where
w = −2−1/2(x+ iy)eiφ = 2−1/2reiθ.
Then by means of Eq. (17) we obtain
〈w|n,N + n; t〉 = (π N !)−1/2 (2Re a)(N+1)/2 rN exp(−ar2),
a = (1 + s)/(2ρ(1 − s)), s = −ize−2iγ , k = (N + 1)/2.
(41)
5
"Hermitean"and "Weil"hanged to "Hermitian"and "Weyl". (Note added).
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It is lear from the onstrution that these systems of GCS have an important property:
all wave funtions (41) with fixed N belong to the eigenspae of the third projetion of
angular momentum L3 and orresponds to the eigenvalue L3 = N . Hene they are similar
to the GCS with onserved harge, examined reently by Skagerstam [10℄.
From formula (41) it immediately follows that the probability density reahes a max-
imum at a distane r = (N/4Re a)1/2, i.e. , it is proportional to the amplitude of the
lassial osillator (30). It is easy to see also that the trajetory in phase spae D is again
representable in forms (29), (36), i.e., as SU(1, 1) transformation, depending on the motion
of lassial osillator (30).
Using the expliit expression (41) and usual quantum-mehanial rules one an ompute
the mean values of anonial operators, as follows
6
〈x2〉kz = N + 1
4Re a
=
ρ2
λs
N + 1
2
, λs =
1− s∗s
|1− s|2 ,
〈p2x〉kz = Re a
(
1 + (N + 1)
Im2a
Re2 a
)
=
λs
2ρ2
(
1 + (N + 1)
4Im2s
(1 − s∗s)2
)
.
(42)
The same expressions hold for 〈y2〉kz and 〈p2y〉kz. In the stationary ase (ρ = (2/ω)1/2,
γ = ωt/2) these quantities vary in time aording to usual lassial equations of motion.
Let us hoose in the moment t = 0 the initial onditions for Eq. (30) in suh a manner
that s(0) = z. Then the mean values (42) in the states |k; z, 0〉 (k = (N + 1)/2) with real
z, Imz = 0, beome
〈x2〉kz = ρ
2(1− z)
1 + z
N + 1
2
,
〈p2x〉kz =
1 + z
2ρ2(1− z)
(43)
Obviously the Heisenberg unertainty produt 〈x2〉〈p2x〉 = (N + 1)/4 preserves its value
when the time in the dis D is onentrated on the real axis. The states |1/2; z〉 with
Imz = 0 are the only MUS. More expliitly they an be written in the form
|1/2; z >= (1− z2)1/2
∞∑
n=0
zn|n, n〉. (44)
Let us find now the mean value of the operator A˜ = A ⊗ I in states (44) for z =
exp(−βω/2), β = 1/koT , ko being the Boltzmann onstant. The operator A ats in Fok
spae spanned by the anonial basis |n〉. We have 7
〈1/2; z|A˜|1/2; z〉 =
(
1− e−βω
) ∞∑
n=0
e−βωn〈n|A|n〉 = Z−1 tr
(
Ae−βH0
)
,
Z = tr
(
e−βH0
)
, H0 = ωa
†a.
(45)
Aording to Ref. 11 the states (44) may be onsidered as ground states of thermodynamial
system, orresponding to different temperatures. Quite analogially one an onstrut the
6
Here 〈x〉kz = 〈y〉kz = 0. (Note added).
7
More preisely A|n,m; t〉 = √n|n,m; t〉. In (44) m = n (i.e. N = 0). For stationary magneti eld
A = aeiωt where a does not depend on t expliitly. (Note added).
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exited states |N,β〉 = (N !)−1/2a†(β)|0, β〉, |0, β〉 = |1/2; z〉, where a†(β) = U(β)a†U−1(β),
|0, β〉 = U(β)|0〉. The states |N,β〉 form a real subsystem of the SU(1, 1) CS related to
UIR V
(+)
(N+1)/2. The possibility of expressing the quantum-statistial averages (45) as usual
quantum-mehanial mean values was, apparently, first observed by Y. Takahashi and H.
Umezawa [11℄ without any onnetion to the theory of GCS. Here we established that the
states of thermodynamial systems in thermostat are SU(1, 1) CS in the extended Hilbert
spae H×H .
5 U(N+1) Coherent States
Let us onsider the (N + 1)-level system, desribed by the Hamiltonian
H =
N∑
i,j=0
hij(t)a
†
iaj (46)
where h∗ij = hji (Hermitian ondition) and [ai, a
†] = δij . The Hamiltonian (46) belongs to
the (ladder) representation of Lie algebra u(N + 1) spanned by the generators [7℄
E+ij = a
†
iaj (i > j), E
−
ij = a
†
iaj (i > j), Eij = a
†
iai (i, j = 0, 1, 2, . . . , N) . (47)
The UIR of U(N + 1) are determined by the highest weights (m0,m1, . . . ,mN ), m0 ≥
m1 ≥ . . . ≥ mN , where m0,m1, . . . ,mN are integers.
We shall onstrut GCS in the arrier spae of the UIR (m, 0, . . . , 0) spanned by the
vetors |m0,m1, . . . ,mN 〉 = |m0〉|m1〉 . . . |mN 〉, where m0 + m1 + . . . + mN = m and
|mi〉 = (mi!)−1/2a†i
m
i |0〉. The fiduial vetor is hosen to oinide with the weight vetor
|m, 0, . . . , 0〉. Using a suitable parametrization of the group element we obtain the U(N+1)
CS in the form
|m; z〉 = Cz exp
(∑
i>0
ziE
+
i0
)
|m, 0, . . . , 0〉
= (1 + z∗z)−m/2
∑
m0+...+mN=m
zm11 . . . z
mN
N
√
m!√
m0! . . . mN !
|m0, . . . ,mN 〉 ,
(48)
where z∗z =
∑N
i=1 z
∗
i zi. It is seen that in this ase the role of the phase spae is played by
the N -dimensional omplex spae CN . The states (48) obviously are generalization of the
known SU(2) and SU(3) CS, the latter being onstruted in Ref. 12.
Let us turn to the dynamis of U(N+1) CS. Reall that aording to general theory [1℄
the (stable) time evolution of GCS is desribed by the same formula (48) where one ought
to replae zi by time-dependent funtions, determined as solutions of Euler equations. By
means of the salar produt
〈m; y|m; z〉 = (1 + y∗y)−m/2(1 + z∗z)−m/2(1 + y∗z)m (49)
one an obtain the Lagrangian (see (1))
L = (im/2)(z∗ z˙ − z˙∗z)(1 + z∗z)−1 −H, (50)
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where H = 〈m; z|H|m; z〉. Hene the Euler equations have the form
z˙i + (z˙izj − ziz˙j)zj = (im)−1(1 + z∗z)2 ∂H
∂z∗j
. (51)
For N = 1 Eqs. (51) are redued to Eq. (7), related to SU(2). Finally using the CS
representation one an derive the following formula for the mean value of a†iaj in U(N+1)
CS:
〈a†iaj〉 = (m/2)z∗i zj/(1 + z∗z). (52)
Sine the lassial Hamiltonian H is a linear ombination of suh expressions we see that
Eqs. (51) do not depend on the representation as in all the previous ases.
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Íèêîëîâ Á.À., Òðèîíîâ Ä.À. Å2-81-798
Äèíàìèêà îáîáùåííûõ êîãåðåíòíûõ ñîñòîÿíèé.
II. Êëàññè÷åñêèå óðàâíåíèÿ äâèæåíèÿ
Ïðè èñïîëüçîâàíèè ïîäõîäà Êëàóäåðà ê ñòàáèëüíîé ýâîëþöèè îáîáùåííûõ
êîãåðåíòíûõ ñîñòîÿíèé ðàññìîòðåíà ýâîëþöèÿ ýòèõ ñîñòîÿíèé äëÿ
ãðóïï SU(2), SU(1, 1) è SU(N). Ïîêàçàíî, ÷òî îäíà è òà æå
êëàññè÷åñêàÿ óíêöèÿ z(t) êîððåêòíî îïèñûâàåò êâàíòîâóþ ýâîëþöèþ äëÿ
ìíîãèõ ñèñòåì, êàê ýêâèâàëåíòíûõ, òàê è íåýêâèâàëåíòíûõ. Ïîäðîáíåå
ðàññìîòðåíû îáîáùåííûå êîãåðåíòíûå ñîñòîÿíèÿ äëÿ ñèíãóëÿðíîãî
îñöèëëÿòîðà ñ òðåíèåì è äëÿ çàðÿäà â ìàãíèòíîì ïîëå è ïîêàçàíî,
÷òî ýòè ñîñòîÿíèÿ îáëàäàþò ñòàáèëüíîé ýâîëþöèåé SU(1, 1)-êîãåðåíòíûõ
ñîñòîÿíèé. Kâàíòîâàÿ äèíàìèêà ýòèõ ñèñòåì çàäàåòñÿ îäíèì è òåì æå
êëàññè÷åñêèì ðåøåíèåì z(t). àññìîòðåíû èçè÷åñêèå ñâîéñòâà SU(1, 1)-
êîãåðåíòíûõ ñîñòîÿíèé è ïîêàçàíî, ÷òî â ñëó÷àå äèñêðåòíîé ñåðèè D+k îíè
ñîâïàäàþò ñ ñîñòîÿíèìè, äëÿ êîòîðûõ êâàíòîâûå ñðåäíèå ñîâïàäàþò ñî
ñòàòèñòè÷åñêèìè äëÿ îñöèëëòîðà â òåðìîñòàòå.
àáîòà âûïîëíåíà â Ëàáîðàòîðèè òåîðåòè÷åñêîé èçèêè ÎÈßÈ
Ñîîáùåíèå Îáúåäèíåííîãî èíñòèòóòà ÿäåðíûõ èññëåäîâàíèé. Äóáíà 1981.
Nikolov B.A., Trifonov D.A. Å2-81-798
On the Dynamis of Generalized Coherent States.
II. Classial Equations of Motion
Using the Klauder approah the stable evolution of generalized oherent states
(GCS) for some groups (SU(2), SU(1, 1) and SU(N)) is onsidered and it is
shown that one and the same lassial solution z(t) an orretly haraterize
the quantum evolution of many different (in general nonequivalent) systems.
As examples some onrete systems are treated in greater detail: it is obtained
that the nonstationary systems of the singular osillator, of the partile motion
in a magneti field, and of the osillator with frition all have stable SU(1, 1)
GCS whose quantum evolution is determined by one and the same lassial
funtion z(t). The physial properties of the onstruted SU(1, 1) GCS are
disussed and it is shown partiularly that in the ase of disrete series D
(+)
k
they are those states for whih the quantum mean values oinide with the
statistial ones for an osillator in a thermostat.
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